Abstract
Background
Even though many computational schemes for treating wave problems in unbounded domains have been proposed during the last four decades, the quest is still going on for a high fidelity stable scheme that will allow the numerical solution in a finite region of interest. It turns out that in some cases it is very difficult to find an absorbing boundary scheme, as it is often called, that is at the same time stable, sufficiently accurate, computationally efficient, robust, and can be employed in conjunction with standard interior computational schemes. This is especially true for some specific types of problems that remain a challenge in this context. Elastodynamics, which is dealt with in this paper, is one such problem.
In recent years, the two most prominent absorbing-boundary type schemes have been those based on the use of a high-order Absorbing Boundary Condition (ABC) and those based on the use of a Perfectly Matched Layer (PML). Research on these methods remains very active. A search in the article archive ISI shows that during the last 5 years, more than 200 papers were published with the words ABC or PML in the title, and almost 1500 published papers indicated ABC or PML as keywords. See the review papers [1] [2] [3] [4] .
PML was originally devised by Bérenger [5] in 1994 for electromagnetic waves, and since then it has been further developed, analyzed and used in various applications by many authors. See, e.g., references in the review paper [4] . The PML is a layer adjacent to the boundary that truncates the unbounded domain, in which the governing equations are artificially modified. It possesses two properties at the continuous level: (a) there is a perfect match between the layer and the interior domain, namely any outgoing plane wave produces zero reflection; and (b) the solution decays exponentially when it travels inside the layer. These two properties theoretically guarantee excellent performance of the PML. What may sometimes hamper this theoretical performance is the sensitivity of the PML to the discretization and the need to introduce ad-hoc damping and stretching profiles.
The first high-order ABC was devised by Collino [6] in 1993, and a few other formulations followed by other authors. See, e.g., references in the review paper [2] . High-order ABCs are local in space and time, like the classical ABCs of Engquist and Majda [7] and Bayliss and Turkel [8] , but unlike those, they do not involve high-order derivatives. Therefore they can be implemented in practice up to any desired order, as opposed to the classical ones that have been implemented up to second order only. In the high-order ABC scheme, the order of the ABC is simply an input parameter. The high derivatives that initially appear when designing a high-order ABC are eliminated by introducing auxiliary variables φ j on the boundary.
Recently the two approaches -high-order ABC and PML -have been compared, theoretically and numerically [3, 9] , in the frequency domain. They were found to be equally effective, with some relative advantages for both. In fact, although usually derived by very different approaches, recent work has shown that, at the discrete level, the two methods are quite closely related. In particular, it is shown in [10] how to design a nonstandard PML with a purely imaginary mesh continuation to exactly annihilate propagating waves at any incidence angle. This nonstandard PML is formally equivalent to the high-order ABC proposed by Hagstrom and Warburton [11] .
As mentioned above, each of the two classes of techniques has relative advantages. One major disadvantage of high-order ABCs is that they require special treatment at corners formed by the intersection of two flat segments of the artificial boundary, and in some cases also at corners between an artificial and a physical boundary. Such special treatment is sometimes cumbersome or even difficult to devise. In contrast, handling corners with PMLs is usually straight forward. Another disadvantage of high-order ABCs is that they are constrained not to include any normal derivative of an auxiliary variable φ j on the boundary, since the φ j are discretized in practice only on the boundary. Thus, the ABC is allowed to involve only tangential and temporal derivatives of the φ j . Eliminating the normal derivatives from the ABC operators is sometimes difficult and may require a lot of algebra; a case in point is elastodynamics [12] . PML is also usually easier to incorporate in an existing numerical code.
On the other hand, an important disadvantage of PML is that it is not associated with a clear notion of convergence, except under the expensive scenario of widening a layer where all physical and auxiliary fields are well-resolved. By contrast, in the case of high-order ABCs, with a fixed location of the boundary, one can approach the exact solution arbitrarily closely (up to discretization error) by increasing the order P of the ABC (with cost that increases only linearly with P). More efficient underresolved PMLs seem to be more sensitive to discretization and to the computational parameters than ABCs. A good design of an ABC at the continuous level usually guarantees good performance at the discrete level. This does not seem to be the general case for PML, where the matching between the solutions in the interior and in the layer at the discrete level is sometimes far from perfect. In addition, the theoretical analysis of a PML is usually more difficult than that for a high-order ABC for the same application. Additional discussion on the comparison of the two types of methods can be found in [1, 3, 9] .
In [13] we presented a new method, which shares some features of both the PML and the high-order ABC, but enjoys some of the advantages that each of them lacks. In the new method, called the Double Absorbing Boundary (DAB) method, a high-order ABC is applied on two parallel artificial boundaries, which are a small distance apart. Auxiliary variables are defined on the two boundaries and in the thin layer beteween them. Like the PML, the DAB does not require special treatment of corners. The algebra involved is relatively simple, since no elimination of normal derivatives is needed. As in the method of high-order ABCs on a single boundary, DAB is clearly associated with the notion of convergence; one can approach the exact solution arbitrarily closely (up to discretization error) by increasing the order P, with only linearly-increasing cost. The numerical properties of DAB, like accuracy, stability and sensitivity to discretization, are similar to those of a high-order ABC on a single boundary.
In [13] , the new method was applied to the scalar wave equation. We incorporated the DAB in a fully explicit finite difference scheme in 1D, and in a Finite Element (FE) scheme in 2D. In [14] , a well-posedness proof was provided for the DAB scheme for the acoustics problem written in second-order form. The energy method was employed to obtain uniform-in-time estimates of the norm of the solution and the auxiliary functions, thus establishing the well-posedness and asymptotic stability of the DAB formulation. In addition, in [14] the DAB was applied to problems in 2D isotropic elastodynamics, written in first-order conservation form. The problem was discretized using the Lax-Wendroff finite difference scheme.
Although DAB is a general approach, and in principle can be used with any highorder ABC applied on the double boundary, in [13, 14] the ABCs of the form proposed by Hagstrom and Warburton (H-W) in [11, 15] were considered. The ABC formulation in [15] , called the Complete Radiation Boundary Condition (CRBC), generalizes that in [11] , and leads to an almost uniform-in-time error estimate for both propagating and decaying waves. The H-W ABCs have been incorporated in both FE and finite difference schemes, and have been shown to be extremely effective in a variety of situations, including those associated with dispersive, stratified, anisotropic and convective media [16] [17] [18] , and where exterior sources are present (nesting) [19] .
Recently, an H-W type ABC was applied to problems in elastodynamics [20, 21] . This is the first known high-order ABC for elastodynamics that is long-time stable. The key to obtaining stability turns out to be the use of the Lysmer-Kuhlemeyer (LK) ABC as the termination condition of the recursive relations between the auxiliary variables φ j . The LK ABC is classical [22, 23] and is commonly employed in solid earth geophysics computations, either as originally proposed or with some improvements; see, e.g., [24] [25] [26] . In the stable high-order ABC for elastodynamics, all the recursive relations except the last one are scalar in nature (as in the H-W ABC), while the last one is the vectorial LK condition. In [20] , we have proved this combination to be stable and converging, at the continuous level.
In this paper, the DAB is incorporated in a standard FE scheme for 2D elastodynamics in homogeneous and layered media. This is the first FE implementation of DAB for elastodynamics. The design of ABCs for heterogeneous media poses an additional challenge. PML has been used for heterogeneous media in [27] , for the scalar wave equation, in [28] , for the MHD equations, and in [29] , for elastodynamics. High order ABCs have been applied to continuously-stratified and layered media, in [16, 30] . We show that the DAB formulation, when combined with the FE method, fits quite naturally to layered media, and is as simple as DAB for the homogeneous case.
Our formulation and numerical examples assume periodic boundary conditions along the boundaries perpendicular to the artificial DAB boundaries. This choice is made since some stability issues arise when the periodic conditions are replaced by some physical boundary conditions (e.g., traction free conditions). Attempts to resolve these issues are underway.
Following is the outline of the remaining sections. In Section "The problem in the computational domain and the double absorbing boundary (DAB) method" we describe the DAB method for elastodynamics. We consider the elastic equations of motion, with a possibly nonzero damping term. We first describe the DAB formulation for a homogeneous medium, and then we discuss the case of a layered medium. In Section "Finite elements: variational formulation" we describe the FE formulation of the elastodynamics problem, using the DAB. We also discuss some important computational aspects. In Section "Results and discussion" we present some numerical experiments to demonstrate the performance of the method. We conclude with some remarks in Section "Conclusions".
Methods

The original unbounded-domain problem of elastodynamics
We consider a two-dimensional semi-infinite elastic wave guide of width b, as shown in Figure 1(a) . A Cartesian coordinate system (x, y) is introduced with the origin at the southwest corner, so that the waveguide is parallel to the x direction, and y ∈[ 0, b]. The south, north and west boundaries of the waveguide are denoted S , N and W , respectively.
In the waveguide we consider the equation of elastodynamics with mass-and stiffnessproportional damping, i.e., Here and elsewhere, the summation convention is understood, and a comma subscript denotes partial differentiation with respect to the variable following it. We shall assign the values x and y to the indices i, j, k, l. A superposed dot indicates differentiation with respect to time. In (1)-(3), ρ is the density of the medium, u = {u i } is the unknown displacement vector field, σ = [ σ ij ] is the unknown stress tensor, f = {f i } is a given bodyforce vector, C = [C ijkl ] is the elastic moduli tensor, and = [ ij ] is the unknown strain tensor. In (1) and (2), A M and A K are the mass-proportional and stiffness-proportional damping coefficients, which together define the Rayleigh damping that exists in the system. We define the wave speeds c L and c T as
where λ and μ are the Lamé constants. Boundary conditions are specified on the three boundaries: on N and S we impose periodic boundary conditions:
Periodic boundary conditions allow us to detach the study of the stability and accuracy of the ABC, which shall be introduced in the following, from the effects of corners and interactions between the absorbing boundary and other boundaries.
On W any boundary condition may be imposed. We choose to prescribe zero displacement boundary conditions
Initial conditions are also given, i.e.,
where u 0 = {u i0 } andu 0 = {u i0 } are known functions. We assume that outside a compact region, denoted 0 , in which C ijkl , f i , u i0 andu i0 may, in principle, be general, the following simplified conditions hold: (a) the medium is homogeneous, namely C ijkl is constant; (b) there are no sources, namely f i = 0; and (c) the initial values vanish, namely u i0 = 0 andu i0 = 0.
The problem in the computational domain and the double absorbing boundary (DAB) method
We now truncate the semi-infinite domain by introducing the artificial boundary E , located at x = x E and spanning 0 y b. Slightly to the west of E we set an interface denoted I , located at x = x I , with 0 y b. See Figure 1 (b). The entire computational domain bounded by N ∪ W ∪ S ∪ E is denoted as . As Figure 1 (b) shows, this domain is divided by the interface I into two sub-domains: the interior domain I and a thin layer L . We choose the location of E and I such that 0 (the "irregular region" defined above) is strictly contained within I . Thus, in the layer L we have that C ijkl is constant, f i = 0, and the initial conditions are zero.
The function u satisfies the equation of elastodynamics (1) in , the periodic boundary conditions (5), (6) and the conditions (7), (8), and the initial conditions (9) and (10) in . In the layer L we shall apply a special treatment, with the goal of rendering the solution in the interior domain I as close as possible to the solution of the original semi-infinite problem in that domain. Thus, L will act as an absorbing or non-reflecting layer.
To this end we define a sequence of auxiliary variables φ 0 i , . . . , φ P i , i = x, y in the layer only. Here P is a chosen parameter that will determine the order of accuracy of the absorbing layer. The first auxiliary variable is defined to be φ 0 i = u i in L . The problem for the φ m i is given as follows. In the layer, we require the φ m i for a particular value of m to satisfy the same elastic wave equation as for u i , i.e. (1), with f i = 0:
We also denote by T m i the traction vector on I and E that corresponds to the variables φ m i . Also, T i = T 0 i . All the auxiliary variables satisfy a zero initial condition:
On S and N (or more precisely the parts of these boundaries that are in the layer, i.e., for x I ≤ x ≤ x E and 0 ≤ y ≤ b) we apply the same (periodic) boundary conditions as for u i , i.e.,
Now we need to define boundary conditions for the φ m i on I and on E . We define the boundary conditions on both boundaries recursively. The recursive boundary conditions are defined in a manner that is in many respects similar to the ABC for elasticity defined by equation (28) in [20] , with added low-order terms: Also, in (15) and (16), a m , b m ,ã m andb m are the parameters of the boundary conditions as defined in the "Computational aspects" section below.
The use of the auxiliary functions φ m i and the corresponding equations (11)- (16) is motivated by the work of Hagstrom and Warburton [11] , who introduced the auxiliary functions at the truncation boundary for the high-order ABCs. These ABCs have been shown to have excellent absorbing properties; see, e.g., [21] . In this work, we use (and later discretize) the φ m i within a small layer, and impose the H-W ABCs on both boundaries of this layer, employing the DAB construction devised in [13] . This frees us from the need to eliminate the normal derivatives of the auxiliary variables, which is necessary when the ABC is used on a single truncation boundary.
To complete the recursive definition, we require the following Lysmer-Kuhlemeyer (LK) termination condition on E : Figure 2 illustrates the "ladder" structure of the DAB scheme, namely the flow of information on the two boundaries bounding the DAB layer. 
Layered media
In addition to the homogeneous scheme described in the previous subsections, we also consider the case of layered media with different material properties in the different layers. The layers are assumed to be perpendicular to the absorbing boundary. The jump conditions at the interfaces between the different layers for the case of the wave equation were given in [16] . For the elastic case, a procedure similar to the one described in that paper leads to the following jump conditions:
Here · denoted a jump across the interface between two layers. By dividing the expression for the recursive relation (15) by a
m , where the superscript (n) indicates the n-th layer, and denoting c = c x = c y , we obtain for each layer n:
Since the auxiliary variables φ m i and their derivatives in the x direction and in time are continuous across the layers, we will require that the ratios
also be continuous across the layers, namely that they do not depend on n. Thus if we denote by * some reference value of the corresponding parameter, by requiring that
all the recursive relations (21) for the different layers can be replaced by the following recursive relation written out for a reference layer:
Now, when we consider the termination conditions for the different layers, we take into account that
Therefore, on the interface between the layers we obtain from the second termination condition (18) that:
which cannot hold since T P x ,φ P y are continuous, while ρc
T is not. However, in practice, any positive wave speed can be substituted for c T in (18) without loss of stability. The slightly reduced accuracy that is caused by this modification will be compensated for by the recursive relations. Thus, in the case of layered media we take the following termination conditions:
Eqs. (23), (26) and (27) constitute the modified DAB formulation for the case of layered media. The spatial discretization in this case is carried out in the same manner as for the homogeneous medium, using the starred parameters a
T which pertain to a chosen reference layer.
Finite elements: variational formulation
The strong form of the DAB scheme consists of the elastic Eqs. (1) in and (11) in L , the initial conditions (9), (10) in and (12) in L , the periodic boundary conditions (5), (6) and (13), (14) on S and N , the boundary conditions (7) and (8), and the recursive boundary relations (15) and (16) on I and E , with the termination conditions (17) and (18) on E .
To derive the weak form, we first define the following function spaces:
We multiply Eq. 1 by a weight function w 0 ∈ S and Eqs. (11) by the weight functions w m ∈ S L , m = 1, . . . , P, and integrate the terms that include C ijkl by parts to obtain
where we have 
We rewrite the recursive relations (15) and (16) in the following form:
On the boundary I : On the boundary E : and (17) and (18) serve as the termination conditions: 
and (38) and (39) are substituted directly into (33), with m = P:
Here and elsewhere, the x-derivatives on the boundaries I , E are calculated in a one-sided manner everywhere, except for the derivatives φ 0
x,x and φ 0 y,x on I , which are calculated as the average of the derivative in the elements adjacent to this boundary from the left and from the right.
Thus the weak form is:
. . , P, which satisfy the initial conditions (9), (10) in and (12) in L , and satisfy (30) and (31) for all w 0 ≡ {w i } ∈ S( ) and all
Semi-discrete form
We discretize the weak form described in the previous subsection in space using the standard Galerkin FE method. At the global level, the variables u i in and φ m i in L are replaced by their finite-dimensional approximations
Here h is the mesh parameter, A stands for the global node number, η i is the set of nodes in on which there is no essential boundary condition prescribed on the displacement in the i direction, η L i is the set of nodes in L on which there are no essential boundary conditions prescribed on the displacement in the i direction, N A is the global-level shape function associated with the variables u i in and node A, or with the variables φ m i in L and node A. We use identical bilinear shape functions for the discretization of u i and for the discretization of all the φ M i . At the element level the analogous expansion is:
Here e stands for an element number, N en is the number of element nodes, a stands for the local element node number, e is the domain of element e, N a is the element-level displacement shape function associated with the node a, the quantities d me ai , m = 0, . . . , P are the values of u e i and φ me i at node a of element e. We also write global expressions similar to (43) and (44) (30) and (31) contribute to the global mass and stiffness matrices respectively via the following arrays at the element level (we denote these arrays by the superscript OM):
The arrays of this form, with the first subscript taken as 0, correspond to the first and second terms in (30) . The expressions corresponding to the first and second terms in (31) are similar, except that the integration takes place in an element in I rather than in and that the first subscript of M and K is taken as m instead of 0 (m = 1, . . . , P).
The contribution from the B m I term (denoted by the superscript BI) to the damping matrices is (m = 1, . . . , P) is: 
The contribution from the B m I term to the stiffness matrixes is: 
Similarly, the contribution from the B m E term (denoted by the superscript BE) to the damping matrices is (m = 0, . . . , P − 1):
and with the LK termination:
The contribution from the B m E term to the stiffness matrix is:
The different contributions (denoted OM, BI and BE) to the matrices M, C, k, A, B, G and H are summed, and the resulting matrices are assembled by the standards FE assembly method, to form the system (47)-(54).
Computational aspects
Parameters of the absorbing condition
The parameters a m , b m ,ã m andb m in the recursive relations (15) and (16) are defined in a manner equivalent to their definition in the case of an absorbing boundary condition for elasticity defined on a single boundary (see for example [21] ). Based on the analysis presented there we have:
where T is the time period of interest and the "angles of incidence" θ j andθ j control the accuracy and stability of the particular double absorbing boundary. In previous studies we have used optimized parameter values (see, e.g., [14, 21] ), which enabled the control of both propagating and evanescent modes, and yielded excellent accuracy. In the numerical experiments described below we restrict ourselves to the case θ j =θ j = 0, which is the simplest possible set of parameters.
In the present scheme, using optimized parameters, which include small values of θ j , gave rise to some instability difficulties.
Discretization in time
The system (47)-(52) was solved using a fully implicit Newmark method, where all the degrees of freedom were obtained at once in each time step: u i in and all the auxiliary variables in L . The standard second-order implicit scheme with β = 0.25 and γ = 0.5 turned out to be unstable for this problem. Therefore, the procedure carried out in the acoustic case [13] was repeated here: we modify the Newmark parameters to be β L = 0.36, γ L = 0.7 inside the layer and along an additional row of elements in I which is adjacent to I (in this row of elements we calculate the derivative u i,x and use it in calculations performed in the layer). Throughout the rest of the domain I , we take β L = 0.25, γ L = 0.5. The damped Newmark scheme is of first-order accuracy; however, this fact is not of much concern, since the layer may be regarded as a purely numerical construction, while in the region of interest the scheme has second-order accuracy in time. In theory, it is possible that the reduced accuracy could affect the reflection coefficient of the DAB, although no such effect has been observed in [13] .
Stability
The stability of each of the examples described herein was investigated by two methods. The first, direct method consisted of running the scheme for very long periods of time (typically 500,000 time steps) and observing the behavior of the displacement at a point located inside the solution domain . When the solution grew larger than a predefined value (typically 1), the solution was noted as unstable. This method gives an immediate indication of instability; however, it may judge a method to be stable when in fact divergence might occur at very large times (larger than 500,000 time steps).
We therefore used another method to determine stability, by solving an associated eigenvalue problem. In this regard, we have two options: to investigate the stability either of the semi-discrete problem (i.e., after FE discretization and before time discretization), or of the fully-discrete problem. The fully discrete problem is, of course, the problem that we actually solve and therefore its stability is crucial, but it is also of interest to investigate the stability of the semi-discrete problem.
We start by considering the semi-discrete problem. We rewrite the system (47)- (52) 
where stability is established if all the eigenvalues satisfy Re( ) ≤ 0. Now we consider the fully-discrete scheme. The fully discrete form of (88) is given in [31] :
(90)
where u n is the value of u at time step n, and f * n is some expression for the external force vector at time step n. In this case we solve the eigenvalue problem
and require for stability that all the eigenvalues * satisfy | * | ≤ 1. Our analysis based on (89) and (94), and our numerical experiments, yielded the following results for the DAB scheme described above. The semi-discrete formulation is long-time unstable, namely there are eigenvalues of (89) with a (small) positive real part. However, the fully-discrete problem is stable; this is obtained by both running the scheme for long times and through the eigenvalue analysis of (94). These facts give us a view of the stability properties of DAB at the various levels. At the continuous level, DAB for elastodynamics is believed to be stable. In [14] a well-posedness proof was provided for the DAB scheme, albeit for the acoustic problem, and in [20] stability was proved for an elastodynamics formulation using the same high-order ABC that the DAB in the present paper is based on. Since, as noted above, the semi-discrete problem is found to be unstable, we conclude that the FE formulation destabilizes the DAB scheme. Luckily, the dissipative time discretization that we employ regains stability. Of course, it would have been better to find a FE formulation that would maintain the stability of the continuous DAB formulation.
Achieving robust stability is still an issue for the present scheme. Unfortunately, the scheme loses its long-time stability when either of the following changes is applied: (a) replacing of the periodic boundary conditions on the north and south boundaries by traction-free conditions; (b) using non-zero (but not too large) coefficients for the low-order terms in order to capture efficiently evanescent waves; (c) using small computational parameter values a * m and/or b * m , such as the optimal or quasi-optimal parameter values proposed in [14] ; (d) taking much softer material parameters, i.e., much slower medium wave speeds. All these instabilities occur in a homogeneous elastic medium as well as in a layered one, but do not occur in the acoustic case. Research is underway to overcome these difficulties.
Accuracy
In order to measure the accuracy of the DAB method in the elastic setting, the solution in the truncated waveguide was compared to a reference solution u h,ref , which was constructed in such a manner that the waves generated in I do not encounter a truncation boundary at x E . This was done in one of two ways:
(a) We solve the same problem in a waveguide in which the truncation boundary is located much farther from the source of the wave, so that waves reflected from the far truncation boundary do not reach back to x = x E during the simulation. Thus, the difference between the solution u h computed in and the reference solution u h,ref is approximately the DAB error. (b) If extending the waveguide significantly is computationally prohibitive (as in the case of the numerical example of the thin layer given below), one can extend the waveguide only slightly, and apply a high order version of the DAB method at the end of the extended domain. In such a case there will be reflections from the truncated boundary in the extended waveguide that will penetrate to the left of x E , but such reflections will be small, and the obtained difference between u h computed in and the reference solution u h,ref will be an upper bound of the approximate DAB error.
We thus define the error measure
where · M is the l 2 norm calculated on the manifold M, and T is the simulation time.
Note that the errors are measured outside of L . In one case we shall also consider the evolution of the relative error in time, to which end we define
where A( I ) is the area of the domain I . In all of the numerical examples presented in Section "3", the reference solution was calculated using method (b) outlined above. In the case of a homogeneous medium we also calculated the reference solution using method (a), thus satisfying ourselves that method (b) is indeed a legitimate method for error estimation.
Results and discussion
Initial pulse in a homogeneous medium
The discrete DAB scheme was tested on a numerical example of a waveguide with b = 3, x I = 10. The mesh of the solved problem was composed of 60 × 200 square elements, with n L elements across the width of L , where the side length of each square element was h = 0.05. Since the DAB layer extended n L elements beyond x E , the total length of the waveguide varied according to x E = x I + h · n L . We take λ = 1, μ = 1 (which corresponds to Poisson's ratio ν = 0.25), and ρ = 1. The time step is taken as t = 0.005.
The C 1 -continuous initial conditions used in the all the test runs (unless specified otherwise) of the first example problem were 
The DAB scheme was tested for accuracy by running the scheme for different values of P and n L , and comparing the results to a waveguide 2.5 times longer than x E . The results without damping (ξ = 0) are shown in Figures 3 and 4 for two discretization densities: the one mentioned above (Figure 4 ) and one which is twice coarser in space and time ( Figure 3) .
As can be seen from the accuracy plots, the high-order DAB acts as an accurate absorbing boundary, reducing the L 2 error in time and space as P increases, up to the discretization level. With P = 0, which amounts to the use of the LK condition on E , the error is large (around 20%), but with P = 6 the error is reduced by an order of magnitude. The error also decreases as n L is increased.
The cause for the dependence of the error on n L is the presence of evanescent modes in the model, which are uncontrolled due to our simple choice of the parameters θ j =~θ j = 0.
Let us compare the error curves corresponding to n L = 2, 4, 6 in Figure 3 (the coarsemesh results) to the error curves corresponding to n L = 4, 8, 12 in Figure 4 (the finemesh results), respectively. The three pairs of values of n L correspond to the same DAB thickness (in terms of physical distance), since the elements of the coarse mesh are twice as large as those of the fine mesh (the h ratio is 2). The error curves behave similarly in terms of reduction with P, except that the errors corresponding to the fine mesh are much smaller. For example, for large P and for the thickest DAB, the coarse-mesh model yields an error of about 7 · 10 −3 whereas the fine-mesh model yields an error of about 2 · 10 −3 . The reduction factor of 3.5 is a bit smaller than the theoretical reduction factor of 4 of the discretization error (expected from the second-order accuracy in space and time). What the theory does not take into account is the discretization error associated with the DAB equations themselves, which apparently contributes slightly to the total error. One may wonder why the error "saturates" at a certain level for large values of P, rather than approaching zero as P → ∞; after all, the reference solution uses the same mesh density and time-step size as the solution in . The explanation is as follows. One should distinguish between three different exact ABCs associated with P → ∞: (a) the exact ABC at the continuous level, denoted Bu = 0; (b) the ABC obtained by discretizing the continuous exact ABC, denoted B h u h = 0; and (c) the exact ABC at the discrete level, denoted G h u h = 0. It should be noted that B h and G h are not the same. In other words, taking the exact ABC at the continuous level and discretizing it is not the same as taking the exact ABC at the discrete level. The reference solution is equivalent to a solution of the truncated problem with the ABC G h u h = 0. On the other hand, when we use our numerical scheme and take P → ∞, our solution satisfies B h u h = 0. The difference between the two solutions is of the order of the discretization error.
This was confirmed by a direct calculation in [16] . Therefore, as we increase P, we cannot go much below the discretization error. This explains why the error "saturates" in the error graph of Figure 4 and all the subsequent figures.
Next we investigate the effect of damping on the accuracy of the method. Damping coefficients A K and A M that are characteristic of soil need to be selected. We select values for these coefficients from the literature, specifically in the range of values suggested for soils in [32] . We compare the magnitude of the solution vector at a point in the middle of I with and without mass-proportional and stiffness-proportional damping for n L = 4 and P = 10 as shown in Figure 5 . It is clear that the added damping reduces somewhat the magnitude of the solution, and smooths out its oscillations; the larger the damping the smaller the oscillations. However, the small stiffness-proportional coefficient A K from the range of values specified in [32] has only a small effect on the solution for relatively short times. In Figure 6 we show the accuracy of the absorbing boundary for the damped case for n L = 4 for different values of P. The damping reduces somewhat the error of the DAB scheme, although for the suggested values of the damping the reduction is small. For large values of P the stiffness-proportional damping increases the error somewhat when compared to the error of the scheme without stiffness-proportional damping and with the same mass-proportional damping.
In the sequel we examine other problems, in which we shall only consider the undamped case, i.e., with A M = 0, A K = 0.
Initial pulse in a two-layer medium
In this example we use an overall geometry, initial and boundary conditions that are similar to the ones used in the first example. In the present case, however, the medium is divided into two horizontal layers with different material properties. The interface between the layers is the line y = b/2 = 1.5. In the upper layer (y > 1.5), which we denote medium 1, we set λ 1 = 1 and μ 1 = 1. In the lower layer (y < 1.5), which we denote medium 2, we set λ 2 = 1, while the value of μ 2 will vary in the following experiments. We take ρ = 1 everywhere. The procedure was carried out both for the solved waveguide and for the reference waveguide.
Snapshots comparing the solution at various times to the solution in the reference waveguide for μ 2 The snapshots show good agreement between the reference and the actual solutions. The obtained accuracy in this case is illustrated better by the error plot given in Figure 8 . It can be seen that the behavior of the error in this case does not differ much from the behavior in the homogeneous case.
In Figures 9 and 10 we show the error as a function of P for different values of the μ 2 parameter for n L = 4 and n L = 12, respectively. It can be seen that the presence of two layers with different material properties in the domain does not change the DAB error drastically when we follow the guidelines outlined in the section "Layered media" for the selection of the appropriate constants in the definition of the boundary condition. For large value of P, the error is larger in the case where the material properties of the two layers differ significantly, namely the case μ 2 /μ 1 = 3, than in the other cases. We also note that by enlarging the DAB layer from n L = 4 to n L = 12, the accuracy is improved, since some of the evanescent waves are better represented.
Persistent couple
We consider a problem involving the same waveguide and the same mesh as in the previous examples b = 3, x I = 10, with homogeneous material properties λ = 1, μ = 1, but where instead of initial conditions driving the solution, we impose the following two persistent point forces F 1 and F 2 inside I : thus a couple is imposed inside the waveguide, near I . The plot of the space-time error as a function of the DAB order P is shown in Figure 11 for different values of n L . It can be seen from the plot that the present problem is in a certain sense more difficult than the problem with the initial driving pulse, as the error lines drop sharply only after P = 4 in this case, and the error level to which the graphs reach for large P is somewhat higher than in the case of the initial pulse. Nevertheless, a decrease of almost two orders of magnitude in the error is obtained for all values of n L . 
Three layers
In the last example we consider a setup of a uniform medium through which passes a thin horizontal layer made from a different material. We consider a domain with a width of 9 and a length of 2.5 plus a DAB layer. The mesh is composed of square elements with the side length of 0.05. We apply a DAB layer with a thickness of 4 elements. The thin horizontal layer is located at 4 < y < 5. As before, we apply periodic boundary conditions on S and N .
We define r = (x − 0. 
In the thin layer, we set λ = μ = 1, whereas in the surrounding media we set λ = μ = 2. For this problem, Figure 12 shows the L 2 spatial error as a function of time, e(t), for three values of P. It is apparent that the LK ABC (which corresponds to P = 0) yields a large error in this case. The DAB error converges very quickly with P to an error significantly smaller.
In Figure 13 we compare three solutions. We fix the Poisson's ratio at ν = 0.25 by taking λ = μ in all the phases. In all cases the background medium has the properties λ = μ = 2. The left subplots correspond to a thin layer with λ = μ = 1, the middle subplots correspond to a thin layer with λ = μ = 2, i.e., a homogeneous medium, and the right subplot correspond to a thin layer with λ = μ = 4. We take ρ = 1 everywhere. This creates a hierarchy for the wave velocities c L and c T : in the layer with λ = μ = 1 (left subplots) these velocities are smaller by a factor of √ 2 than those in the surrounding regions, while in the layer with λ = μ = 4 (right subplots) they are larger by a factor of √ 2 than the velocities in the surrounding regions. Since the wave source is located below the thin layer, the latter serves as a wave decelerator or accelerator, as the case may be. This effect is clearly apparent in the figure; see, e.g., Figure 13 (e).
The solution is non-symmetric despite the periodic boundary conditions, since the wave source is not centrally located but lies slightly below the horizontal layer. The solution in the heterogeneous media is characterized by much more reverberation. No clear spurious reflection of waves is observed. It should be remarked that each plot has its own scaled color map; therefore wave intensities cannot be compared between subplots in this figure.
The errors corresponding to these solutions (not shown here), with respect to a reference solution obtained with a longer domain, have the same characteristics as those shown in the previous examples.
Conclusions
In this paper the Double Absorbing Boundary (DAB) method for solving unbounded domain problems was applied to elastodynamics problems, in conjunction with the FE method. This method shares some of the properties of using a high-order ABC on a single boundary and of PML, but has some relative advantages with respect to both. Several important extensions will be considered in our future work. Three of them are:
• Some stability issues still need to be resolved. In particular, when the periodic boundary conditions used in this paper were replaced by some physical conditions, like traction-free conditions, numerical stability was lost. It seems that this difficulty, which is currently under investigation, is not associated with the original DAB formulation, at the continuous level, but with the semi-discrete formulation.
• The behavior of DAB in the presence of corners joining two straight artificial boundaries will be investigated. The use of DAB on a boundary with corners is expected to be as straight forward as the case with PML (roughly speaking, a "cross product" of the x and y formulations), and thus to be free of the difficulties associated with high order ABCs on a single boundary in the presence of corners.
• Extension to an anisotropic medium also seems possible, although it would require a more involved adaptation. It would be especially interesting to see how DAB behaves in those cases of anisotropy where standard PMLs are unstable.
